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Thermal instability in a horizontal layer of an electrically conducting fluid heated from below has
been investigated under the effects of uniform rotation about a vertical axis and an applied uniform
vertical magnetic field. The temperature field between the walls of the fluid layer consists of two
parts; a steady part and a time-dependent part, which varies periodically. The effect of modulation of
the walls temperature on the onset of convection has been studied using Floguets theory. Stabilizing
and destabilizing effects on the onset of convective instability have been found. Some comparisons
have been made. — 2000 Mathematics Subject Classification: 76E06, 76R10.
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1. Introduction

In many astrophysical and geophysical contexts one
encounters situations in which rotation and a magnetic
field are simultaneously present. For example, convec-
tion in the Earth’s metallic core and stellar interiors
often occurs in the presence of strong rotational and
magnetic constraints. Therefore in this paper we seek
to understand how the effects of rotation and a uniform
vertical magnetic field influence the thermal convec-
tion in a horizontal layer of an electrically conduct-
ing fluid that is heated from below and cooled from
above.

Although the field is very interesting, only limited
literature is available on rotating magnetoconvection
(RMC). The first theoretical investigations on RMC
in a horizontal fluid layer were carried out by Chan-
drasekhar [1, 2]. Later, Nakagawa [3,4] in his experi-
mental studies determined the variation of the critical
Rayleigh number Rc in liquid mercury as a function of
the rotation rate and magnetic field strength, and con-
firmed the theoretical prediction of Chandrasekhar [5]
that, at large values of the Taylor number T and the
Chandrasekhar number Q, the critical Rayleigh num-
ber Rc has a local minimum in the regime where
Q ~ TY/2, In theoretical studies of RMC, Eltayeb [6, 7]
found that, for large T and Q, the magnetic scaling
law Rc ~ Q holds when Q >> T1/2, while the rotational
scaling law Rc ~ T3/2 holds when T%/2 > Q%2 Inthe

range where the Lorentz and Coriolis forces are com-
parable, Q < T1/2 < Q3/2 the critical Rayleigh number
is reduced and varies as Rc ~ T2 ~ T/Q [7]. Gupta
et al. [8] investigated the problem under the joint influ-
ence of a rotation and magnetic field especially with
a view to drive the bounds for the complex growth
rate for an arbitrary oscillatory perturbation which may
be neutral or unstable. Cattaneo and Hughes [9] stud-
ied the thermal instability in a layer of an uniform
magnetic field. Applying rotation they discuss various
modes of convective instability.

Dhiman Joginder [10] studied the thermal instabil-
ity in a rotatory hydromagnetic fluid layer and found
that the Benard convection can be suppressed by si-
multaneously applying a vertical uniform rotation and
uniform vertical magnetic field, in a certain paramet-
ric range. Aurnou and Olson [11] found experimen-
tally that for rotating magnetoconvection, convective
heat transfer is inhibited by rotation. They found that,
at low rotation rate, the critical Rayleigh number in-
creases linearly with the magnetic field.

Many researchers have under different conditions
investigated the thermal instability in a horizontal fluid
layer with temperature modulation, but in the absence
of a magnetic field and rotation. Some of them are Ger-
shuni and Zhukhovitskii [12], Venezian [13], Rosen-
blat and Tanaka [14], Finucane and Kelly [15], Roppo
et al. [16], Bhatia and Bhadauria [17], and Bhadauria
and Bhatia [18].
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The objective of the present paper is to find the crit-
ical conditions under which convection occurs in the
presence of an uniform vertical rotation and an ap-
plied uniform vertical magnetic field. The effect of
modulation of the walls’ temperature on the thermal
instability has been investigated. The walls temper-
ature has been modulated using a sinusoidal profile.
The results have been obtained for the following three
cases: (a) when the plate temperatures are modulated
in phase, (b) when the modulation is out of phase, and
(c) when only the temperature of the lower plate is
modulated, while that of the upper plate is held con-
stant. The results have been compared with other theo-
retical results.

2. Formulation

Consider a fluid layer of a viscous, incompressible,
magnetic fluid, confined between two parallel horizon-
tal walls, a distance d apart. The walls are infinitely
extended and rigid. The configuration is shown in Fig-
ure 1. The governing equations in the Boussinesq ap-
proximation are

N W — H HpH
ot 41po 2.1)
:—i7p+ (1+5—p>X—2.Q><V+vVZV7
Po Po
oT )
5+ (V)T = V7T, (2.2)
oH )
W#—(VV)H—(HV)V:nV H, (2.3)
vV =0, (2.4)
VH =0, (2.5)

where py is the constant reference density, X = (0, 0O,
—Q) the acceleration due to gravity, 2 = (0, 0, Q),
the angular velocity, H = (Hy, Hy, H3) the intensity
of the magnetic field, v the kinematic viscosity, k the
thermal diffusivity, p the fluid density, o the coeffi-
cient of volume expansion, p the magnetic permeabil-
ity. n = 1/4ruo is the resistivity of the fluid, while
o is the electrical conductivity. V = (u,v,w), pand T
are, respectively, the fluid velocity, the pressure and the
temperature, while t is the time. The relationship be-
tween p and T is given by

p =po[l—a(T—To)l. (2.6)
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Fig. 1. Benard configuration.

For temperature modulation, we write the following
externally imposed boundary conditions:

(i) When the temperature of the lower boundary as
well as of the upper boundary is modulated, we have

T(t) =Bd(l+ecosmt) atz=—d/2

(2.7
= fBdecos(wt+ ¢) atz=d/2.

(if) When the upper boundary is held at constant
temperature and only the lower boundary temperature
is modulated, then

T(t) =pd(1+ecosmt) atz=—d/2,

2.8
=0 atz=d/2, (28)

where 3 is the thermal gradient, € represents the am-
plitude of modulation and ¢ is the phase angle. The
equilibrium solution of the above system is

p=p(zt). (2.9)

The temperature T = T(zt) is given by the diffusion
equation

V=(uvw) =0, T :'I_'(z,t)7

T

P

The differential equation (2.10) is solved for both the
above cases (i) and (ii). We write

(2.10)

T(zt) = Ts(2) + eRe{Ti(z,t)}, (2.11)

where Ts(2) is the steady temperature field and T; is
the oscillating part. Then we have

Ts(2) = AT (% - g) : 2.12)
and
Tz t) = 2T _Jeosinha (142
sinh A 2 d (2.13)
+sinh A (% - g) }ei‘"t,
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where
2% =iod?/x. (2.14)
If the system (2.9) is slightly perturbed, then we have
V = (u,v,w),
P=p(zt)+ P,

T=T(zt)+6,

2.15
H:H1+h. ( )

A constant magnetic field H = |H| is maintained, exter-
nally, in the direction of a unit vector , h is the pertur-
bation in the magnetic field caused by the motions and
the induced currents in the field. We substitute (2.15)
into (2.1)-(2.5) and linear with respect to the pertur-
bation quantities V, 6 and h. For solution we Fourier
analyze the disturbances, in the xy-plane and write

W(X, Y,z t) =w(zt)expli(axx+ayy)],  (2.16)
0(x,y,zt) = 0(zt)expi(axx+ ayy)], (2.17)
hz(Xx,y,zt) = hy(zt)expli(axx+ayy)], (2.18)
Cxy,zt) = C(zt)expli(ax+ay),  (2.19)
S(xy.zt) =&(zt)expli(ax+ay)],  (2.20)

where h,, £, £ are the vertical component of the per-
turbed magnetic field h, the vorticity, and the current
density, respectively. We consider that the magnetic
field is in vertical direction, and so t = (0,0,1) = k
(unit vector in vertical direction). Here a= (a2 +a2)%/2
is the horizontal wavenumber. If we scale length, time,
temperature, wavenumber, velocity and pressure ac-
cording to

z=dZ, t=t'/w, T=pdT,6=pdo,
a?=d’a? V= (agBda?/v)V/, (2.21)
= (agBxd?®p/v)p/, h=HN,
then the governing equations in linear form are
av + 22 1 Vp— —9k+ P V2V — VTP (k x V)
ot
BRO - (2.22)
1
2R (kV)h,
.00 oT )
) g+aR<az>w_V 0, (2.23)
*ah 20/ 2
o' =5 +a R(kV)V =R, V?h, (2.24)
VvV =0, (2.25)
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Vh=0,

where P, = v/x is the Prandtl number, P, = v/n
is the magnetic Prandtl number, R = agATd®/vk is
the Rayleigh number, T = 4Q2d*/v? is the Taylor
number, Q = uH2d?/4rxpgvn is the Chandrasekhar
number and ®* = wd?/x is the non-dimensional fre-
quency. In the above equations the primes have been
omitted. The temperature gradient 0T /dz obtained
from the dimensionless form of (2.11) is

(2.26)

oT

5 =1+ eRe[g(2)e"], (2.27)
where
9@ = g7 { 19 cosh A (% )—cosh/l (—— )}
and

A =io*

Henceforth the asterisk will be dropped and @ will
be considered as the non-dimensional frequency. Now
taking the curl of (2.22) twice, and using (2.16)— (2.20)
we get the system of equations as

o(D*-a >%—\iv =P (D* —a)’w—P6
PRQ 2,0hz (2.28)
@R (D* - ) 0z
- \/_P1DC,
w%—? = aZR[l—eRe{g(Z)eit}]W+ (D?—a2)8, (2.29)
ahz o ow 2
07 =R +PB(D? —a)hy, (2.30)
BC ow PiP.Qd¢
W= fpl +P1( )¢+ et (231)
%% _ 2r% P
o5 =aR2 +R(D*— ), (2.32)
where D = Q . The boundary conditions for the rigid

and electrlcally conducting walls are given by

w=Dw=6=0 on z:iE

5 (2.33)

h,={{=D&=0 on z:il.

> (2.34)
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3. Method

Using Galerkin technique, we transform the par-
tial differential equations (2.28)—(2.32) into a system
of ordinary differential equations. The latter are then
solved numerically. We put

N
w(zt) = z An(t)ym(2), (3.1)
m=1
N
0(zt) = lem(t)(Pm(Z)a (3.2)
N
hZ(Z7t) = Zlcm(t)¢m(z)v (33)
N
C(zt) = Z_,le(t)Cm(z)» (34)
N
S(zt) = ZlEm(t)ém(Z), (35)
where
coshumz coStmz .. .
coshu%m — coslt‘Tm if mis odd,
¥in(2) = 9 sinh Umz sinpgmz ... (3.6)
Sinh mi ~Sin mi if mis even,
om(2) = V2sinmr <z+ %) , (3.7

Om(2) = Cn(2) = VZsin [(m+ 1)mz+ (m— 1)% 7

(3.8)
coshmz cosmz
&om-1(2) = ST T sinT (3.9)
Eom(2) = sinhmz_ sinmz
PMY ™ cosh @ ~ cos T (3.10)
(m=1,2,3,...).

The functions ¥im(z), ®m(2), ¢m(z) and &m(z), above
are defined in a manner so that they vanish at z= + %
Also clearly the derivatives of &m(z) vanish at the
boundaries. For the derivatives of ym(z) to vanish at
these boundaries, it is required that um are to be the
roots of the characteristic equation

1 1
tanh SHm— (—1)Mtan E,um:O. (3.12)
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The roots of the equations (3.11) are given in the
book of Chandrasekhar ([5], p. 636). Now we substi-
tute (3.1)-(3.5) into (2.28)—(2.32) and then multiply
these equations by wn(2), on(2), dn(2), &n(2) and En(2),
respectively (n = 1,2,3,---,N). The resulting equa-
tions are then integrated with respect to z in the in-
terval (—3,3). The outcome is a system of L = 5N,

ordinary differential equations for the unknown coeffi-
cients An(t), Bn(t), Cn(t), Dn(t) and En(t):

N d
© [Kon— a25nm]ditm
m=1
N N
=P1 Y [(Hah+ @) Som — 28°Knm]Am — PL Y, PhmBm
m=1 m=1 (3.12)
P o
- BP0 S [(m+ 1) + &L
a’R m=1
- \/TP]_ z SmDm,
m=1
dBn o< it
o =R Y [P — eRe{Fame" }/Am
m=1 (3.13)
— (n’n? +a)By,
dGn _ A _ 2.2, .2
O =4 R RmAn—P[(n+1)*n*+a°|Cp,
t m=1
(3.14)
dD >
o5 = VTPL Y, RuAn
m=1
— Py [(n+1)?x% +a%] Dy (3.15)
PPQ &
+ TomEm,
N dEm ) N
w 2 Uan =aR 2 Vanm
m=1 m=1
N (3.16)
+P z [an — a2Unm} Em
m=1
(n: 1727"' aN)7

where onm is the Kronecker delta. The other coeffi-
cients, which occur in (3.12)-(3.16) are

1/2

Kam= | D*¥in(2)yn(2)dz, (3.17)
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1/2
Pim= (Pm(Z) l//n(Z)dZ, (3.18)
~1/2
1/2
Lom = Dom(2) yn(2)dz, (3.19)
~1/2
1/2
Sw= | .~ Din(@yn(ddz (3.20)
J-1/2
1/2
/2
Tom— [ , Dém(2)6n(2)dz, (3.22)
1/2
Unm = Em(2)én(2)dz, (3.23)
~1/2
1/2
Vom = Dém(z)én(2)dz, (3.24)
~1/2
2
Wi = / |, D én(@En(2z (3.25)
and
1/2
Fo— /_ |, 92 ¥m(@)en(2)02 (3.26)

The integrals (3.17)—(3.26) have been calculated
numerically using Simpson’s (1/3)rd rule [19]. For
computational purposes it is convenient to rearrange
the equations (3.12)-(3.16). For this, first we multi-
ply (3.12) and (3.16) by the inverse of the matrices
[Knm — @8nm] and [Unm, respectively, and then intro-
duce the notation

X1 = Ay,
Xs = Eq,

Xp = By,
Xg = Ay,

X3 =Cy,
X7 = By,

:D s
=P 397)

Now the equations (3.12) — (3.16) can be written in the
form

dXi
i Gitxy + GigXo + - - + GiLXL
(i=1,2,3,...,5N).

(3.28)

Since the coefficients Gjj(t) are periodic in t, the sta-
bility of the solution of (3.28) can be discussed on the
basis of the classical Floquet theory [20]. Let

Xn(t) = Xin(t) = col [Xqn(t),Xon(t), ..., XLn(t)]

(3.29)
(n=1,2,3,...,5N)
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be the solutions of (3.28) which satisfy the initial con-
ditions
Xin(0) = Gin. (3.30)
The solutions (3.29) with the conditions (3.30) form
5N linearly independent solutions of (3.28). These so-
lutions are found by integrating the system (3.28) us-
ing the Runge-Kutta-Gill procedure [19]. Then arrange
them in the constant matrix

C = [xn(27)] (3.31)

Now using the Rutishauser method [21] we find the
eigenvalues 41,45, A3, ..., AL of the matrix C and then
define the numbers i, the characteristic exponents of
C, by the relations

M =exp(2ruy), (r=1,23,4,...,5N). (3.32)
The values of the characteristic exponents determine
the stability of the system. We assume that the u, are
ordered so that

Re(u1) > Re(pz) > ... > Re(u). (3.33)

Then the system is stable if Re(u;) < 0, while
Re(u1) = 0 corresponds to one periodic solution and
represents a stability boundary. This periodic distur-
bance is the only disturbance, which will manifest it-
self at marginally stability.

4, Results and Discussion

Here in the Galerkin procedure, we determine the
value of N in the process of numerical solution. It is
found that for the parameter ranges of our interest it is
sufficient to take N = 2 (two Galerkin terms — one even
and one odd). Therefore all the following results are re-
lated to N = 2, i. e. a system of 10 ordinary differential
equations have been solved. The critical values of the
Rayleigh number and the wavenumber in the absence
of modulation (¢ = 0) are found as follows:

T =0.0, Q=0.0, Re=1728.38543, a. = 3.1. (4.1)

The result (4.1) corresponds to non-rotating, non-
magneto convection cases (Rosenblat and Tanaka [14]
and Bhadauria and Bhatia [18]). On comparing the re-
sults of Tables 1 and 2 with (4.1), it is clear that the
effect of a rotation and magnetic field is to stabilize the
system, as convection is occurring at higher Rayleigh
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TEMPERATURE MODULATION IS IN PHASE
1766
3
1762 -
1758 4
Rc
1754 -
1750 4
Fig. 2. Variation of Rc with w;
1746 T T T T Q=10 =05 P =10,
0 30 60 90 o 120 150 P, =1.0.
TEMPERATURE MODULATION IS OUT OF PHASE
1834 -
1814 -
Rc |
1794 4
1774 4
1754 : Fig. 3. Variation of Rc with w;
19 1 Q=10 =05 P =10,
0 30 60 90 ® 0 50 P, = 1.0,
Table 1. Q=1.0. Table 2. T = 10.0.
T=00 T=10 T=100 T =200 Q=00 Q=01 Q=05 Q=10
Rc 1753.7656 1754.2805 1758.9092 1764.0425 Rc 1733.5653 1736.1046 1746.2529 1758.9092
a 3.113 3.114 3.118 3.122 & 31 3.1038 311 3.118

numbers. This confirms the results of Aurnou and OI-
son [11] and Dhiman Joginder [10] that rotation and
magnetic fields have a stabilizing effect on the onset of
thermal instability.

Now we find the effect of modulation by consid-
ering € # 0, and calculate the modified value of R,

with variation in other parameters. We also check
the critical value of the wavenumber a. The values
of Rc have been calculated for the following three
cases:

a) when the plate temperatures are modulated in
phase, i.e. ¢ =0,
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UPPER PLATE IS AT CONSTANT TEMPERATURE

1784
1778
Rc
1772 4
1766 4
1760
Fig. 4. Variation of Rc with w;
1754 ; . : . P Q=10 ¢=05 P =10,
0 30 60 0 @ 120 150 P, =10
TEMPERATURE MODULATION IS IN PHASE
1760
\‘//‘/———Q——*—‘—‘—‘—‘—'.

17541 —e—Q=0.1

——Q=0.5

—A—Q=10
1748

Re
1742 |
1730 4
Fig. 5. Variation of Rc with w;
1724 - - - - T =10.0, £ =05, P = 1.0,
0 30 60 90 120 150 P,=1.0

b) when the plate temperatures are modulated out
of phase, i.e. ¢ = &, and

c) when only the bottom plate temperature is mod-
ulated, the upper plate is held at a fixed constant tem-
perature.

In Figs. 2—4, we depict the variation of Rc with o,
for all the three cases and for different values of the
Taylor number T, other parameters are held constant,
Q=10,PL =P, =1.0,e =0.5. Figures 5—7 show the
variation of Rcwith w, for different values of the Chan-
drasekhar number Q, other parameters are T = 10.0,

®

P, =P, =1.0, e = 0.5. From the Figs. 2 and 5 we see
that for in-phase modulation, the effect of modulation
is to destabilize the system with convection occurring
at an earlier point than in the steady temperature gra-
dient case. This effect of modulation is small when
is small and falls off to zero as @ — . For interme-
diate values of o the effect of modulation is greatest
near @ = 17. This agrees with the results of Bhadauria
and Bhatia [18]. Also this agrees with Venezian [13],
in which the peak negative value of Rc was obtained
near w = 20.
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TEMPERATURE MODULATION IS OUT OF PHASE

1836
1816
1796
Rc
1776
1756
1736 Fig. 6. Variation of Rc with w;
T T T T T =10.0, e =05, P = 1.0,
0 30 60 0 120 150 p,—10.
UPPER PLATE IS AT CONSTANT TEMPERATURE
1776
——Q=0.1
—— Q=05
—a—Q=1.0
1768
1760 .
Rc
1752
1744
Fig. 7. Variation of Rc with w;
1736 y T T T ® T =100 =05 P =1.0,
0 30 60 90 ® 120 150 P, =1.0.

When the temperature modulation is out of phase
or the upper plate is at constant temperature, the effect
is stabilization, decreasing with increasing frequency
o (Figs. 3,4,6,7). The stabilization is greatest near
o = 0 and disappears altogether when the frequency
o is sufficiently large. This agrees with the results of
Bhadauria and Bhatia [18], Bhatia and Bhadauria [17],
Rosenblat and Tanaka [14] and Venezian [13]. Here at
low frequency the convective wave propagates across
the fluid layer, thereby inhibiting the instability, and so
the convection occurs at higher Rayleigh number than

that predicted by the linear theory with steady temper-
ature gradient [(4.1), Tables 1 and 2].

When the frequency of modulation is small, the ef-
fect of modulation is felt throughout the fluid layer. If
the modulation is in phase, the temperature profile con-
sists of the steady straight-line section plus a parabolic
profile that oscillates with time. As the amplitude of
the modulation increases, the parabolic part of the pro-
file becomes more and more significant. It is known
that a parabolic profile is subject to finite-amplitude
instabilities (Krishnamurti [22], Veronis [23]) so that
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UPPER PLATE IS AT CONSTANT TEMPERATURE

1770
—e—T=1.0
—a—T=10.0
—a—T=20.0
1766
A
1762
Re
1758 4
17 Fig. 8. Variation of Rc with P;
54 : - - ' Q=10 ¢=05 =500,
0.0 25 50 p, 75 100 p—10
UPPER PLATE IS AT CONSTANT TEMPERATURE
1784
Rc
1760
Fig. 9. Variation of Rc with a;
1754 - - - - - Q=10, ® =500, &£ = 0.5,
290 297 3.04 3.1 3.18 3.25 3.32 PL=1.0,P,=1.0.

a

convection occurs at lower Rayleigh number than that
predicted by the linear theory with steady temperature
gradient (Figs. 2, 5).

From the Figs. 2—4 and 5-7 we see that the values
of the critical Rayleigh number approach the zero mod-
ulation values, given in Tables 1 and 2, respectively.
Thus the effect of temperature modulation becomes al-
most negligible at large values of . At high frequency,
since the modulation becomes very fast, the tempera-
ture in the fluid layer is unaffected by the modulation

except for a thin layer, so that we find almost the same
value of Rc as for zero modulation.

Figure 8 shows the variation of Rc with Py [for
case (c)],at Q=1.0, e = 0.5, @ =50.0, P, = 1.0 for
different values of T. From the figure we see that the
effect of modulation is maximum at around P; = 1.0,
and then falls off to zero when Py increases further.
This agrees with Rosenblat and Tanaka [14].

In Fig. 9, we have depicted the variation of Rc with
the wavenumber a, to check the value of the critical
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Rayleigh number. It is very clear from the figure that
for all the three graphs considered, the critical value of
the wavenumber a is near 3.1, same as in the Tables 1
and 2.
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